THE TWISTOR SPACE OF A QUATERNIONIC CONTACT MANIFOLD 
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Abstract. We show that the CR structure on the twistor space of a quaternionic contact structure 
described by O. Biquard is normal if and only if the Ricci curvature of the Biquard connection 
commutes with the endomorphisms in the quaternionic structure of the contact distribution. 
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1. Introduction 

The notion of a quaternionic contact (QC) structure is introduced in [3] and it describes a type 
of geometrical structure that appears naturally as the conformal boundary at infinity of the quater- 
nionic hyperbolic space. In general, a QC structure on a real (4n+3)-dimensional manifold M is a 
codimension three distribution H , the contact distribution , locally given as the kernel of a 1-form 
t] = (rji, 772, 773) with values in K 3 such that the three 2-forms drji\jj are the fundamental 2-forms of 
a quaternionic structure on H (for more details see the next section). 

It is a fundamental theorem of Biquard [3] that a QC-structure on a real analytic manifold 
M 4ri+3 is always the conformal infinity of a quaternionic Kahler metric defined in the neighborhood 
of M in+3 . This theorem generalizes an earlier result of LeBrun [17] that states that a real analytic 
conformal 3-manifold is always the conformal infinity of a self-dual Einstein metric. From this point 
of view, one may regard the QC-geometry as a natural generalization to dimensions An + 3 of the 
3-dimensional conformal Riemannian geometry. Moreover, the QC-geometry gives a natural setting 
for certain Yamabe-type problem [19, 11, 12, 14]. A particular case of this problem amounts to 
finding the extremals and the best constant in the L 2 Folland-Stcin Sobolev-type embedding, [8] 
and [9], on the quaternionic Heisenberg group, see [10] and [12, 14]. 

The 1-form 77 that defines the QC-structure is determined up to a conformal factor and the action 
of SO(3) on R 3 . Therefore H is equipped with a conformal class [g] of metrics and a 3-dimensional 
quaternionic bundle Q. The associated 2-sphere bundle S 2 (Q) — > M is called the twistor space of the 
QC-structure. The transformations preserving given QC structure 77, i.e. the transformations of the 
type fj = uty ■ 77 for a positive smooth function a and an S*0(3) matrix ^ with smooth functions as 
entries, are called quaternionic contact conformal (QC conformal) transformations. If the function 



Date: July 7, 2011. 

1991 Mathematics Subject Classification. 53C28, 53D15. 

Key words and phrases, quaternionic contact structures, twistor space, normal contact structures. 

1 



2 



JOHANN DAVIDOV, STEFAN IVANOV, AND IVAN MINCHEV 



fj. is constant we have quaternionic contact homothetic (QC homothetic) transformations. To every 
metric in the fixed conformal class [g] on H one can associate a linear connection preserving the QC 
structure, [3], which we shall call the Biquard connection. This connection is invariant under QC 
homothetic transformations but changes in a non-trivial way under QC conformal transformations. 

Examples of QC manifolds can be found in [3, 4, 11, 7]. It is known that on the sphere S 4n+3 , n > 
1 there exist infinitely many different global QC-structures. Indeed, in [18] Lebrun has constructed 
an infinite-dimensional space of deformations of the standard hyperbolic quaternionic-Kahlcr metric 
on the open Ball B An+i through complete quaternionic-Kahler metrics. After this, Biquard [3] has 
shown that each of the constructed metrics actually has as a conformal infinity a certain unique 
QC-structure on the boundary S 4n+3 of the ball. However his construction does not give the QC- 
structures explicitly. The amount of known explicit examples remains very restricted. 

As we have mentioned above and shall explain in the next paragraph, each QC-structures with a 
fixed metric in the conformal class [g] determines a unique connection V, the Biquard connection. 
This connection plays a roll in the QC-geometry similar to the one played by the Levi-Civita connec- 
tion in the 3-dimensional conformal geometry. The restriction to H of the Ricci tensor of {g, V) gives 
rise to three quantities, namely the QC-scalar curvature Seal and two symmetric trace-free (0,2) 
tensor fields T° and U defined on the contact distribution H. The tensors T° and U determine the 
trace-free part of the Ricci tensor restricted to H and can also be expressed in terms of the torsion 
endomorphisms of the Biquard connection [11] (see Section 2 for the details). According to [11], 
the vanishing of the torsion endomorphisms of the Biquard connection is equivalent to T° = U = 
and if the dimension is at least eleven, then the function Seal has to be constant. If in addition 
this constant is different from zero, then the QC-structure is locally QC-homothetic to a (positive 
or negative) 3-Sasakian structure (see also [16, 13]). 

Explicit examples of QC manifolds with zero or non-zero torsion endomorphism have been recently 
given in [1, 2]. The quaternionic Hcisenbcrg group, the quaternionic sphere of dimension An + 3 
with its standard 3-Sasakian structure and the QC structures locally QC conformal to them are 
characterized in [15] by the vanishing of a tensor invariant under conformal transformations, the 
QC-conformal curvature defined in terms of the curvature and the torsion of the Biquard connection. 
Explicit examples of non QC conformally flat QC manifolds are constructed in [1, 2]. 

The twistor space Z = S 2 (Q) of a QC-structure is naturally equipped with a CR-structure [3, 6], 
which is invariant under the QC-conformal transformations. To each metric g £ [g] one can naturally 
define a contact form n z on the twistor space Z compatible with the CR-structure there. The contact 
form depends on the choice of g £ [g] and thus the whole construction is not QC-conformal invariant 
anymore but it remains however QC-homothctic invariant. 

The purpose of the present notes is to show (Theorem 4.4) that the contact form r/ z is normal 
if and only if the tensor T° vanishes. The latter condition is equivalent to the requirement that 
the Ricci tensor of the Biquard connection commutes with the endomorphisms in the quaternionic 
structure of H . Note that the normality of the contact manifold (Z, rj z ) is equivalent to the condition 
that the product manifold Z x R is a complex manifold with a certain naturally defined complex 
structure (cf. e.g. [5]). 

Note also that every (negative or positive) 3-Sasakian manifold has constant QC-scalar curvature 
and satisfies the condition T° = U = [11]. According to Theorem 4.4 the CR-structure on its 
twistor space is normal. It is shown in [13] that, in the case of zero torsion endomorphisms of the 
Biquard connection, the vector bundle Q — > M admits a flat connection which implies that the 
corresponding bundle Q — > M of the universal cover M of M is trivial. Thus in the case T° = U = 
(plus the condition Scal=const in dimension seven) we see that the twistor space Z of the universal 
cover of M is just the product Z = M x S 2 . 
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To the best of our knowledge no explicit examples of QC structures with T° = and non-constant 
QC scalar curvature are known. 

Acknowledgements S.I. and I.M. are partially supported by the Contract 181/2011 with 
the University of Sofia 'St.Kl.Ohridski', Contracts "Idei", DO 02-257/18.12.2008 and DID 02- 
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2. QUATERNIONIC CONTACT MANIFOLDS AND THE BlQUARD CONNECTION 

In this section we will briefly review the basic notions of quaternionic contact geometry and recall 
certain results of [3] and [11]. 

A quaternionic contact structure (shortly, QC-structurc) on a (4n+3)-dimcnsional smooth man- 
ifold M consists of a rank 4n subbundlc H of TM, a positive definite metric g on H and a rank 
3 subbundle Q of End(H) such that, in a neighbourhood U of each point of M, there are 1-form 
V = (vi? V2, V3) with values in M 3 and a triple i9 = (I\, l2,H) of sections of Q with the following 
properties: 

(1) H\U is the kernel of r\; 

(2) The bundle Q is locally generated by three almost complex structures I\, I2, I3 on H satisfying 
the identities of the imaginary unit quaternions, l\ = T\ = /| = —Id^, 1\1 2 = —I2I1 = ^3- 

(3) d Vs (X,Y) = 2g(I s X,Y) for X,Y e H\U. 

Convention. 

a) Throughout this paper, we shall use X, Y, Z, U to denote vectors or sections of H; 

b) {ei, . . . , e4„} denotes a local orthonormal basis of H; 

c) The triple (i, j, k) denotes any cyclic permutation of (1, 2, 3). 

d) s, t will be any number from the set {1, 2, 3}, s, t £ {1, 2, 3}. 

If i] = (771, 7/2, and "d = (Ix, 12,13) satisfy conditions (1), (2), (3), we shall say that (77,$) is an 
admissible set for the QC-structure. 

Any two triples of sections of Q satisfying condition (2) constitute frames of Q which induce the 
same orientation, thus the bundle Q has a canonical orientation. 

Condition (3) implies that g(IX, Y) = —g(X, IY) for any section / of Q and X, Y S H and, thus, 
H is equipped with an 5p(n)5p(l)-structure. 

The metric g induces a metric on the bundle End(H) defined by < A, B >= j^TraceA t B, where 
A and B are endomorphisms of a fibre of H and A* is the adjoint of A with respect to g . Any 
sections I\,I 2 , 13 of End(H) satisfying the imaginary quaternion relations form an orthonormal set 
with respect to the induced metric. Moreover, if / and J arc sections of Q, then < /, J >= if and 
only if I J = —JI and < 1,1 >= 1 exactly when I 2 = —Idn- Note also that any oriented orthonormal 
frame of Q consists of endomorphisms of H satisfying the imaginary quaternion relations. 

Given a distribution H on a smooth manifold M and a vector bundle E over M, a partial 
connection on E along H is, by definition, a bilinear map Va'C defined for vector fields X with 
values in H and sections a of E such that V/xcr = /Vj^cr and Vx(fcr) = X(f)a + /Vxc for every 
smooth function / on M. 

Let H be a distribution of a manifold M and g be a metric on H. Biquard [3, Lemma II. 1.1] 
has observed that, for any supplementary distribution V of H in TM, there is a unique partial 
connection V on H along H such that 

(1) Vg = 0; 

(ii) for any two sections X, Y of H, the torsion T(X, Y) = VxY — VyX — [X, Y] satisfies the 
identity T(X,Y) = — [X, Y]v, where the subscript V means "the component in V"; 
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Now let (M, H, g, Q) be a quaternionic contact manifold. Fix a supplementary distribution V of 
H in TM and let V be the associated connection on H along H . The partial connection on End(H) 
along H induced by V will be denoted also by V. Biquard [3, Lemma II. 1.6, Proposition II. 1.7] has 
shown that V preserves the bundle Q if and only if, around any point of M, there is an admissible set 
(rj, $) such that the frame (£i, £2, £3) of V dual to the frame (771 |V, 772 1 V, r]3\V) satisfies the condition 

(2.1) {Hsdrit)\H = -{ Ht dn.)\H, s,t = 1,2,3. 

where 1 denotes the interior multiplication. Note that, if condition (2.1) is satisfied for an admissible 
set (77,1?), then it holds for any other admissible set Indeed, we have if t = Y^ s =i a tsVs, 

where [a ts ] is a non-singular 3 x 3-matrix of smooth functions. In view of (1), drj^X, Y) = 
S s =i a tsdrj s (X, Y) for X,Y G H, hence I' t = J2s=i a tsls by (3). The latter identity and (2) imply 
that [at,] e 50(3). Then £ = J^Li a ts^s, where is the dual frame of (r)[\V, rj/^V, rf a \V). 

This observation implies our claim. 

Buqiuard [3, Theorem II. 1.3] has proved that if dim M > 7, then their is a unique supplementary 
distribution V of H in TM for which the associated connection V preserves the bundle Q: 

(Hi) V X Q C Q for X E H. 

For any admissible set (77, the frame (^1,^2,^3) 01 the bundle V dual to the frame 
(i]i\V,r]2\V, r] 3 \V) will be called associated to (77, 

Given a section £ of V and a section X of H , set 

H Vx£= [X,S] V . 

By [3, Proposition II. 1.9], the latter formula defines a partial connection on V along H such that 
(«') V < .,. >=0 

Let (77, 1?) be an admissible set for the given quaternionic contact structure on M and let (£1 , £ 2 , £3) 
be the frame of V associated to (77, t9) . Then the assignment 

(2.2) 1,2,3, 

determines an bundle isomorphism y> : 1/ — > Q that does not depend on the particular choice of the 
admissible set. The isomorphism tp has the property that S7xf = for X G H . Indeed, by (3) and 
(2.1), we have 

E2=i»7-(Vx6M6) = v(Vx6) 

Set 

P = {A G End(H) I A is skew-symmetric and AI = I A for every / E Q}. 

This is a subbundle of End(H) of rank 2n 2 + n, orthogonal to Q and such that the commutator 
[At, .A2] of two endomorphisms A\,A% G P is also in P. Clearly, every fibre of P (resp. Q) is 
isomorphic to the Lie algebra sp(n) (resp. sp(l)). 

It is shown in [3, Lemme II. 2.1] that there is a unique partial connection V on H along V such 
that 

(«) V<? = 0; 

(w) The induced connection on End(H) preserves the bundle Q; 

(vii) Setting T(£, X) = \7^X - Vx£ - [£, X] for £ G V" and X E H, every endomorphism 
T c : i?el4T((,I) = VfX-[£,X] ff EH 
is an element of (P © Q)- 1 C End(H). 
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Note, that we have a bundle isomorphism {(P&Q)- 1 C End(H)} = {(sp(n) © sp(l))- 1 C g/(4n)}. 

Since V^Q c Q f° r every £ £ V, we can transfer Vj from Q to V via the isomorphism ip : V — > Q. 
In this way get a partial connection on V along V. 

Combining the partial connections we have defined, we obtain a connection V on TM having the 
properties (i)-(vii) and the property 
(viii) Vip = 0. 

We shall call V the Biquard connection of the QC-structure (H, g, Q) on M. 

In the case when the dimension of M is seven, it is not always possible to find a supplement V to 
H for which condition (2.1) hold. Duchcmin [6] has shown that if we assume that, around any point 
of M, there exists an admissible set for which we can find vector fields £i, £2, £3 satisfying (2.1), then 
one can define a connection with the properties (i)-(viii). Henceforth, by a quaternionic contact 
structure in dimension 7 we shall mean a QC-structure satisfying (2.1). 

Let tp : V — > Q be the isomorphism defined by (2.2). Using this isomorphism we transfer to V 
the metric and the orientation of Q. Then any frame £1,62, £3 associated to an admissible set of 
the QC-structure is orthonormal and positively oriented. Putting together the metric of V and the 
metric g of H we obtain a metric on TM = H © V for which H and V are orthogonal. This metric 
will be also denoted by g. It follows from properties (?/), (v) and (vi) that the connection V on Q 
is compatible with the metric < ., . >. Therefore the metric g on TM is parallel with respect to the 
Biquard connection, Vg = 0. 

The properties of the Biquard connection are encoded in the properties of the torsion endomor- 
phisms Tc = T(£, -):H->H, (eF. 

Any endomorphism of H can uniquely be decomposed with respect to the quaternionic structure 
(Q, g) into four 5'p(n)-invariant parts ^ = vfi+++ + vfH -\- \J) 1 -f \J> H ) where <]>+++ commutes 
with all three Ii, "J" 1 commutes with Ii and anti-commutes with the others two and so on. 
Explicitly, 

4^+++ = $r - I^h - h^h - h^h, 4*+"" = * - I^h + l 2 ^h + h^h, 
4>I'~ + ~ = * + h^h - h^h + h^h, 4* + = * + h^h + l 2 ^h - h^h- 

The two 5'p(n)S'p(l)-invariant components are and ^ + V? 1 + ^ h . If n = 1, then the 

space of symmetric endomorphisms commuting with all I s is 1-dimensional, i.e. <]/+++ is proportional 
to the identity, *+++ = ^-Id\ H . 

Decomposing the endomorphism T^ 6 (sp( n ) + s p(1)) into its symmetric part T® and skew- 
symmetric part b^,T^ = T® + , Biquard has shown in [3] that the torsion Tf is completely trace- 
free, trT^ = trT^ o I s = 0, its symmetric part has the properties T9li = —lilf. ^(T 1 ^)" 1 = 
/ 3 (T°)-+- = / 2 (T° )— +, /i(T°)— + = J 3 (T°)+--. The skew-symmetric part 
can be represented as = IiU, where u is a traceless symmetric (l,l)-tensor on H which commutes 
with Ji, I2, I 3 . If n = 1 then the tensor u vanishes identically, u = and the torsion is a symmetric 
tensor, T s = T 5 °. 

As in [I I], we define two symmetric 2-tensors T° and U on H setting 
(2.3) T°(X,Y)=g((Tll 1+ T° 2 I 2 +Tll 3 )X,Y), U(X,Y) = g(uX,Y). 

It is easy to see that T° and U are independent of the choice of the admissible set (77,1?), and that 
they have the following properties: 

T Q (X 1 Y) + T a (I 1 X,I 1 Y)+T (I 2 X,I 2 Y)+T Q (I 3 X,I 3 Y) = 0, ir 9 (T°) = ir 9 (T°/ s ) = 

C/(A,y) = U{hX,hY) = U(I 2 X,I 2 Y) = U(I 3 X,I 3 Y), tr g {U) = tr g (UI s ) = 0. 

In dimension seven (n = 1), the tensor U vanishes identically, {7 = 0. 
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The identity 4c?(T°(f s , X), Y) = -T°(I S X,Y) - T°(X,I S Y), proved in [15, Proposition 2.3], 
together with the first equality in (2.3) implies the equivalence [11] 

(2.5) T° = <J=^ {T£ = 0,s = 1,2,3}. 

The torsion of Biquard connection is given in terms of the tensors T° and U by the formula 

(2.6) g(T(£ B , X), Y) = g(T°(£ s ,X),Y) + U(I S X, Y) = _ T °^ X i Y ) + T°(X,I S Y) + y) 

Let R(X, Y) = [Vx, Vy] — Vrx,yi be the curvature tensor of the Biquard connection. The QC-Ricci 
curvature Ric, the QC-Ricci forms p s and the QC-scalar curvature Seal are defined respectively by 

in 

Ric(A,B)= g(R(e b ,A)B,e b ), A,Be TM, 

a, 6=1 

^ in in 

p s (A,B) = — y^g(R(A,B)e a ,I s e a ), Seal = g(R(e b ,e a )e a ,e b ), 

a — 1 a, 6—1 

where e\, ...,e± n is an orthonormal basis of H. The restriction of the Ricci curvature Ric to H is 
a symetric 2-tensor ([3]) that could be S'p(n)S'p(l)-invariantly decomposed in exactly three compo- 
nents. It is shown in ([11]) that this three components are given by the 2-tensors T , U and Seal ■ g. 
We have (see Theorem 3.12, [11]) : 

(2.7) Ric(X,Y) = (2n + 2)T°(X,Y) + Un+lO)U(X,Y) + -—g(X,Y), X,Y e H. 

An 

Since V is preserved by V and Vg = 0, there exist local 1-forms «i, «2 and 03 such that 

(2.8) V& = -aj ® £ k + a k ® ^ . 

Set r = ^ co ^ — -. Then, according to [11, Proposition 3.5 and Theorem 3.12], we have 

16n[n + 2) 

(2.9) o<(&) = rf%fe,a)-^(r+^r ?1 (6,e3) + ^M&.fi) + ^<%(&, fa)). 

3. The twistor space of a quaternionic contact manifold 

Let (M, i?, Q) be a quaternionic contact manifold. Let tt : Q —> M be the projection onto M 
of the bundle Q. Set 

Z= {Ie Q\I 2 = -Id H }. 
Then ttz = 7r|Z : Z — > M is a subbundlc of the vector bundle Q called the twistor space of the 
given QC-manifold. As we have mentioned, the condition I 2 = —Idjj for I G Q is equivalent to 
<I,I>= 1, thus Z = {J 6 Q| <7,7>=1}. 

Let V be the Biquard connection on M and denote by "K the horizontal subbundlc of TQ with 
respect to V. For I G Z, the space !Kj is tangent to the submanifold Z of Q since Z is the unit- 
sphere bundle of the vector bundle Q endowed with the metric < . , . > , parallel with respect to the 
connection V on Q. Further on, the restriction to Z of the horizontal bundle will be also denoted 
by "K. Let V be the vertical subbundlc of TZ. Then TZ = Ji ® V. 

For I G Z, set fj = (^ _1 (I) and denote by \i the horizontal lift of fj at the point I. Fix a Iq G Z 
and let (77, i?) be an admissible set of the QC-structure defined on a neighbourhood U of the point 
p = 7r(/o)- Denote by (^1,^2,^3) the frame of vector fields on U associated to (?7,$). Then every 
/ G 7r£ (U) has a unique representation / = xi(I)I\ + £2 (-0-^3 + x^{I)I^ where Xi,X2, ^3 are smooth 
functions such that x\ + x\ + x\ = 1. We have y = x\l\ + £2^3 + £3^3 on (U) where the upper 
script h means " the horizontal lift" . This shows that x is a smooth vector field on Z. 
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Let g h be the lift of the metric g on TM to the horizontal bundle 9£ of 2,. Denote by W the 
orthogonal complement in "K of the horizontal vector field Then D = W © V is a codimension 1 
subbundlc of TZ and, following [■'->], we shall define an almost complex structure 3 on it as follows. 

Any vertical space Vj, I £ Z, is the tangent space at / of the fibre Zi. The latter is the unit sphere 
in the 3-dimensional vector space Qi, so V/ = TZ/ = {5 e Q \ < S, I > = 0} = {S E Qi \ SI + IS = 
0}. Wc define 3|V/ to be the standard complex structure of the 2-sphcre Zi. In other words, we set 
3S = I o S for S E V 7 . 

For I E Z, denote by Wj the orthogonal complement in V p of £/, VJ, being the fibre of at 
p = kz{I)- We consider Wi with the metric and the orientation induced by those of V p . Since the 
dimension of the space Wj is 2, there is a unique complex structure / on it compatible with the 
metric and the orientation. If we denote by x the vector-cross product of the oriented Euclidean 
3-dimensional vector space V p , then I( = x £ for £ S Wj. Note that the isomorphism : V — > Q 
sends Wi onto Vi C Q and 

^(JC) = 3v>(Q, C e w>. 

Now we define a complex structure Ji on the space H p © W/, p = ttz(I), setting Jj\H p = I and 
Ji\Wi = /. Then we define 3|W/ as the horizontal lift of J/, i.e. 3|W/ is the pull-back of Ji under 
the isomorphism ttz* ■ Wj H p (B Wi. 

In this way we obtain a CR manifold (Z, D,d)- Recall that a Cauchy-Riemann (CR) structure 
(in wide sense) on a manifold N is a pair (T>,3) of a subbundlc D of the tangent bundle TN and 
an almost complex structure 3 of the bundle D. For any two sections X, Y of D, the value of 
[X, Y] mod D at a point p E N depends only on the values of X and Y at p, and so we have a 
skew-symmetric bilinear form lu : V x D —> TN/T) defined by ui(X, Y) = [X, Y] mod D; this form is 
called the Levi form of the Ci?-structure (D, 3)- If the Levi form is 3-invariant, we can define the 
Nijenhuis tensor of the Ci?-structurc (25,3) by 

N CR (X,Y) = ~{X,Y] + [3X,3Y]-3{[3X,Y] + [X,3Y]); 

its value at a point p G N lies in D and depends only on the values of the sections X, Y at p. A CR- 
structure is said to be integrable if its Levi form is 3-invariant and the Nijenhuis tensor vanishes. Let 
D c = CD 1,0 © D 0,1 be the decomposition of the complcxification of D into (1, 0) and (0, 1) parts with 
respect to 3- If the C-R-structure (2), 3) is integrable, then the bundle D 1,0 satisfies the following 
two conditions: 

D 1 '°nW = o, [r(D 1 '°),r(D 1 ' )] cr(B 10 ) 

where r(D 1,Q ) stands for the space of smooth sections of D ,0 . Conversely, suppose we are given a 
complex subbundlc £ of the complexified tangent bundle T C N such that £(~l£ = and |F(£), T(£)] C 
r(£) (many authors called a bundle with these properties a "Ci?-structure"). Set D = {X £ TN : 
X = Z + Z for some (unique) Z g £} and put 3X = -ImZ for X E T>. Then (T>, 3) is an integrable 
C"i?-structurc such that D 1 ' = £. 

It a result of Biquard [3, Theorem II. 5.1] that the Ci?-structure (D,3) on the twistor space Z is 
integrable and (up to isomorphism) is invariant under conformal changes of the metric g. 

Let (rj, i?) be an admissible set of the given QC-structure defined on an open subset U of M. For 
/ = xili + x 2 h + X3I3 £ Z, we set 

Vi = %iir z m + x 2 n* z r]2 + x 3 n z ri3. 

The right-hand side of the latter formula does not depend on the choice of the admissible set (77, $), 
thus we have a well-defined 1-form r/ z on Z. It is clear that rj z vanishes on V and on the horizontal lift 
H h of the space H. Let ^1,^2,^3 De the frame of V associated to (md). Thenar = ^i^i+^2C2 + ^3C3j 
hence 

V Z (xi) = x 2 1 +4+4 = 1 - 
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Moreover, if £ = Y^ s =i Zs ^ s e Wi, we have J7 Z, (C/ ) = Y^ s =i XsZs = 0- Therefore Kerw z = CD. Define 
an endomorphism of the tangent bundle TZ setting $|2) = 3 and $(x) = 0. Then 

$ 2 (A) = -A + 7] Z {A) X , AeTZ. 

Thus ($, XiV Z ) is an almost contact structure on the twistor space Z with contact distribution D 
and Reeb vector field x- 

Let (77, $) be an admissible set on an open subset U of M which is the domain of local coordinates 
u±, u m of M, m — An + 3. Set 

u r = u r o 7r(/), r — 1, m, x s (I) =< /, I s >,s = 1, 2, 3, 

for / e 7r _1 (J7) C Q. Then (ui, ...,u m , x±,X2, Xs) is a local coordinate system of the manifold Q. 
For each vector field 

r— 1 

on {/, the horizontal lift X' 1 on 7r _1 ([7) is given by 

(3.1) = o W )_ - £ *.(< V*/ S5 It > on) — . 

r=l " r s,i=l a * 

It follows from (3.1) that 

[X\Y h ] = [X,Y] h x.9{R{X,Y)I a ,I t )j-, 

s,t=l * 

where R(X, Y) is the curvature tensor of connection on End(H) induced by the Biquard connection. 
Let I £ Q and p = Using the standard identification of the tangent space TjQj with the vector 

space Qi (the fibre of Q through I), the latter formula can be written as 

(3.2) [X h , F 71 ]/ = [X, Y] h j - R p (X, Y)I. 

Notation. Fix a point I £ Z and set p = irz (I) ■ Let I\,l2, 13 be an oriented orthonormal frame of 
Q near the point p such that I\{p) = I and V/ S L = 0, s = 1, 2, 3. If (77', #') is any admissible set for 
the QC-structure on M near p, we have I s = St=i a st^t where [a s t] G 5*0(3). Then 77 = (771, 772, 773) 
with 7y s = J^t=i Ost^t and 7? = I2, 13) constitute an admissible set in a coordinate neighbourhood 
U of p. Let (ui, ...,u m ,Xi,X2,X3) be the local coordinates of the manifold Q defined by means of 
this admissible set. Denote by £i,£2,&3 the oriented orthonormal frame of V associated to (77,7?). 
Then V£ S | P = 0, s = 1,2,3. 

Given a section a of Q, we denote by a the (local) vertical vector field on Q defined by a,j = 
a 7r(,/)~ < a 7r(./) 5 J > J- This vector field is tangent to Z, thus its restriction to Z, denoted again by 
a, is a vertical vector field on the twistor space. 

We shall use the above notation throughout this section and the following ones without further 
referring to it. 

Lemma 3.1. For any I £ Z, a vector field X on M and a section a of Q near the point p — ttz(I), 
we have: 

[X h ,S\! = (V^) 7 , [ X ,a\i = -(^(a))'} + (V^)/ 
[x,X h }! = (V f ,X + T p (X,Ci)) h I + Rp(X,ti)I 
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Proof. Let a = Y^ s . 



s=1 a s I s . Then 



3 q 

a = y a s — — , where a s 



(^2 a t xt)x s . 



?, 



We have 



r=l 



3 




since VI S \ P = 0, s = 1,2,3. Now the identity [X h ,a]i = (V^a); follows easily from (3.1). The 
second formula stated in the lemma follows from the first one taking into account that (locally) 



X = ELi^Cs ■ Moreover, in view of (3.2), we have [x,^' 1 ]/ = Es=i(^0O&> X ]i ~ M^, X)I) = 



Lemma 3.2. Let I £ Z, X,Y £ T^^M and a, b £ Vj. Let Xjj,Yh and Xy,Yy be, respectively, 
the H- and the V -components of X,Y. Then 



d^iX^Yf) = 2g(IX H ,Y H ) - 2r<?(fr x X V ,Y V ), dn z (X?,a) = -g(X,ip-\a)), dn z (a,b) = 0. 



Proof. First, suppose that X, Y £ H p , p = n(I). Since V preserves H, we can extend the vectors 
X, Y to sections X, Y of H defined in a neighbouhood of p such that VX\ p = VY\ p = 0. 



We have X?(r, z (Y h )) = X?(g h (Y h , X )) = £* =1 X?(x s g(Y, £„) o *) = ELi x sX p (g(Y,Q) = 
since X£(x s ) = 0, VY\ p = and V£ s | p = 0, s = 1,2, 3. Similarly, Y^{n z {X h )) = 0. Recall that the 



form ?y z vanishes on the vertical vectors. Then, in view of (3.2), dr/ z (Xj,Yj 1 ') = — n z ([X, Y]j) = 
-rn([X,Y] p ) = d m (X p ,Y p ) = 2g p (hX,Y) = 2g p {IX,Y). 

For any index s = 1,2,3, we have (£ s )>}('i] Z (X h )) = as above and X?(r) Z (^)) = 
T,t=i x iMt) = 0. It follows that dr, z (X?, = - m ([X,^} p ) = m (T p (X,p) = 0, s = 1,2,3, 

since T p (X, £ s ) £ 77 (property (wii) of the Biquard connection). Therefore drj z (X^ , (£)/) = for 
X e H p and £ £ Vp. 

We have also that *7 Z ((&)i\ (£t)i) = ([&>&])* = <%(£ s ,&) p , M = 1,2,3. If a, arc the 
1-forms defined by (2.8), then aj(£ s ) = <?(V£ 3 £j, where k) is a cyclic permutation of (1, 2, 3). 
Therefore cti(£ s ) = at the point p and identity (2.9) implies that (^771(^1,^2) = ^?7i(?3,Ci) = at p. 
Identity (2.9) gives also that 

(3.3) 2d77i(£j,£ fc ) - 2r - d?7i(6,6) - ^2(6,6) ~ = at the point p. 

Adding the three identities corresponding to the cyclic permutations of (1,2,3), we get from (3.3) 
that, at p, ^1(^2,^3) + ^2(^3,^1) + ^3(^1)^2) = — 6t. The latter identity and identity (3.3) 
with (i,j,k) = (1,2,3) give dr]i(^2,^s) = — 2t at p. It follows that, for every £, £ £ V p , we have 



Now let X, Y £ T p M be arbitrary tangent vectors. Writing X = X H + X v , Y = Y H + Y V and 
applying the preceding considerations we get the first formula stated in the lemma. 

Next, take two sections of Q with values a and, respectively, b at the point p, and zero covariant 
derivatives at p. Denote these sections again by a and b. Extend X to a vector field for which VX\ P = 
0. Then Lemma 3.1 implies that dn z {X^a) = drj z (X?,ai) = -a(n z (X h )) = -£«=i a(x a g(X,£ s )o 
ti") = - ELi a(x s )g p (X, £ g ) = <p -1 (a)). 

The last formula stated in the lemma follows from the fact that n z \V = and the bundle V is 
closed under the Lie bracket. □ 



(V (I X + T(X P ,Z I ))>} + RpiX,^)!. 



□ 



<&7 Z (tf,C?) = -2T0(&x£,O- 



Corollary 3.3. d^A, x) = for every A £ TZ. 
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Proof. If A = X 1 } for a vector X E T ff(J )M, then, by Lemma 3.2, di] Z (A, X ) = -2Tg(X v x^, fj) = 0. 
If A is a vertical vector, then drj z (A, x) = ff(£/> =< (p(£i),A >=< I, A >= 0. □ 

Set 

(3.4) G{A,B) = ^dn z (A,$B) + n z (A)n z (B) , A 7 B e TZ. 

Obviously, G(x, x) = 1- By Corollary 3.3, G{A,x) = G{x,A) = for every A E TZ. Moreover, 
it is easy to check by means of Lemma 3.2 that G is a symmetric non-degenerate tensor. It is 
an observation of Biquard [3, Theorem II. 5.1] that the symmetric form drj z (A, $£>) on the space 
Ker-q z is of signature (An + 2,2). Therefore G is of signature (An + 3,2); see also Corollary 4.1 
below. Thus, G is a pseudo-Riemannian metric on Z such that G(&A, <&£?) = G(A, B) - n z (A)n z (B) 
and dr/ z (A,B) = 2G($A,B), A, B E TZ. Therefore i) Z ,G) is a contact metric structure on 

the twistor space Z. 

4. Normality of the contact structure on the twistor space of a QC-manifold 

The condition for the contact structure (<§>,x,V Z ) to be normal is the vanishing of the following 
tensor (cf., for example, [5]) 

N X (A, B) = $ 2 L4, B] + [<f>A, <PB] - $([$,4, B)\ + [A, $£]) + 2dn z (A, B) x , A,B e TZ. 

Let A, B be vector fields with values in Kerir 7, = T>. Then 

N\A, B) = N CR (A, B) + n z ([A, B]) X + dif (A, B) x = N CR (A, B). 

But, as we have mentioned, N CR (A,B) = by a result of Biquard. Thus N 1 (A,B) = for 
A,BE Kerr\ z and to prove that TV 1 = it remains to show that N 1 (A,x) = for A E Kerrf 1 . 
The latter identity is equivalent to 

(L X G)(A,B) = for A,B E Kerrf = D, 

where £ stands for the Lie derivative. Indeed, we have L x drj = (di x + i x d)dn = d(i x dn) = 
since i x dn = 0. On the other hand, (L x dn)(A^B) = - X G(A,B) +G([x,A],B) - G(A, $[x, $£?]) 
for A,B E V. Hence X G(A, B) - G([ X , A], B) = —G(A, $>[x, $B]). Then (£ X G)(A,B) = 
-G(A,<£>[x,®B]) - G(A,[x,B]) = G((L X <£>)(<£>B),A) = ~G(N 1 (B, X ),A). This proves our claim 
since the form G is non-degenerate. 
Lemma 3.2 implies the following. 

Corollary 4.1. Let I E Z, X, Y E T^^M and a, b E Vj. Let Xh, Yh and Xy, Yy be, respectively, 
the H- and the V -components of X,Y. Then 

G(X},Yj h ) = g(X H ,Y H ) - rg(X v ,Y v ) + (r + l)g(X,^)g(Y,^), 

G(X } I \a) = ig(6 x X v , ¥>-»), G(a,b) = 0. 

Proof. We have Y* = (Yh)) + (Y v - g(Y, + g(Y, fr)x, hence = (IY)'} + x Y v )>} and 

rj Z {Y^) = g(Y,£i). Now the statement follows from (3.4) and Lemma 3.2. □ 

Corollary 4.1 can be also stated in the following form. 

Corollary 4.2. Let A, B E T h Z and let 

3 3 

A = X h + MZs) h + *2h + x 3 I 3 , B = Y h + Y, + V* 1 * + 2/3^3, 

s=l s=l 
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where X,Y G H. Then 

G(A,B) = g(X 7 Y) + mvi - t(u 2 v 2 + u 3 v 3 ) - ^(u 3 y 2 + v 3 x 2 ) + ^{u 2 y 3 + v 2 x 3 ). 
In particular, G is of signature (An + 2, 2). 

We shall use Lemma 3.1 and Corollary 4.1 to prove the following. 
Lemma 4.3. Let I £ Z, X, Y S H p , p = n^I), and a, b G Vj. Then 

(L X G)(X?,Y> 1 ) = 2g p (Tl(X),Y), (L X G)(X^,(^) = p s (X,^) p + g p ([^ s ,^},X), s = 2,3, 
(Z x G)((^,{^) = -dT^ 1 ) p 6 st +p s (^^ 1 ) p + p t (^,^) p , s,t = 2,3, 
(L x G)(X\a) = 0, (£ x G)((&)J,a), s = 2,3, 
(L x G)(a,b) = 0. 

Proof. Extend the vectors X, Y to sections X, Y of H for which VX\ p = VY \ p = 0. By Lemma 3.1 
and Corollary 4.1 we have 

(£ x G)(XlY> 1 ) = £ 1 (g(X,Y)) - g(T(X,^),Y) -g(T(Y,^),X) = 2g(T° i (X),Y). 

Lemma 3.1 implies also that 

(L X G)(X?, = &(G(*\ ~ G(\x,X% (6)?) - G{X$, \x,&]i) 

= et{G{X\ £)) - G{{T(X, (U?) - G(R(X, fc)?) 

-G((T(6, er))J, X 1 }) - G{R{$,,Zi)I, X*). 

The first, second and last terms in the latter identity vanish by Corollary 4.1 since X E H and 
T(£i,X) e H. Moreover, the fourth term is equal to -g(T(£ s , X) = g([£s,€i],X) and for the 
third term we have, that when s ^ 1. 

G(ie(X,&)J,(6)?) = i 9p (6 x ^tp-^RiX,^)) = I < R{X,^)h,hI s > p = 
l-^(Y^(~9(R(^^i)he a J s he a ) ~ g(hR(X,Ci)e a ,hI s e a )) = ~p s (X,^), 

a—l 

where e\, ...e± n is an orthonormal basis of H p . This proves the second formula stated in the lemma. 
To prove the third formula, we note first that 

(£ X G)((&)/. &)/) = Zi(-r6 st ) +Tg p (T(£ a ,S 1 ),Z t ) - § 5p (& x Z t ,<p- x {R{Z a ,Zx)h))+ 

9 P (T(tiuZi),L) - £<fe(£i x ^^^WC^iKi)) 

Next, 5 P (T(£ s ,£i),£ t ) = -%,([&,, = ?i) and, similarly, g P {T(£ t ,£i)As) = d»7s (&>&)■ 

By (2.8) and (2.9) we have 

(4.1) = 5 P (V ?2 6,6) =as(6)p = *fc(fi,£a)j» = 5p(Vfo6»fi) = a 2(&) P = «&fe(f 3 ,£i)p 

= .9 P (V 52 C3,Ci) +£fp(VfoCi,6) = aa(6)p + a 3 (6) P = <%(£ 3 ,£i)p ~ d7 73(6,6) P - 
It follows that 

5 P (T(6^i),6) +5 P (Tfe,6),6) = <M&>£i)p + *7.(&>6)p = 0, «,t = 2,3. 
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On the other hand 

3&>(6 x ^.v-H^-^O-fi)) = 2 < R{Hs,£i)ii,hit > P = -Pt(£.,Si) P 

§<?p(6 x Cv-H^t^O-Ti)) = | < R&,Zi)h,IiI s > P = -pMuti)v 

Thus 

(£ x G) ( (6 )) , (6 ) J ) = -dr(& )<5 st + Ps (6 , £i) + Pt (6 , 6)- 

Now, extend the vertical vectors a and & to sections of the bundle Q. Then, by Lemma 3.1 and 
Corollary 4.1, we have 

(L x G)(X?,a) = (£ x G)(Xj,ai) = -G{(T{X,^,a) = 

since T(X,£i) G H p . 

Applying Lemma 3.1 and Corollary 4.1, we get easily that 

0C x G)((&)i , a) = 6(5(6 x6,V _1 {2)))-^p($i xr(6, ¥>- 1 (a))-T(p) flp (&, V>-\a)), s = 2, 3. 
In the case when a = It(p), t = 2,3, the latter formula takes the form 

(£ x G)((6)?,/ t (p)) = 6(s(a x + |g P (6 x - r(p) 5p (6,e t ) = 

-5fl P (6 x&,[£ s ,£i]) -T(p)£ a t. 

If s = i = 2 or s = t = 3, then x £l]) is equal to dn 3 (^ 1 ,^ 2 ) P or to d??2(6>Ci)p> 

respectively. We have seen in the proof of Lemma 3.2 that ^771 (£2, £3) = — 2t at the point p. 
Similar simple arguments show that dr\i (£3 , £1 ) = — 2t and (£173 (£1, £2) = — 2r at p. Therefore 
(£ X G)((£ S )J, Jt(p)) = for s = t = 2 or s = t = 3. This identity holds also for s = 2,t = 3 and 
s = 3, t = 2 since <7 p (£i x £ t , [£ s , £1]) is equal to ^772(^2, £i) P = by (4.1) in the first case and is equal 
to (£773(^1, 6) p = in the second one. It follows that (£ x G)((£ s )j , a) = 0. 
Finally, 

(L x G)(a, b) = x(G(d,b)) - G([ X , a)]j, b) - G(a, [x, 6]j) = 
l^z x ^ (a), y" 1 (&)) + <?(& x ¥ »- 1 (6),V»- 1 («)) = 0- 

□ 

Theorem 4.4. TTie contact structure (<&,x, ?7 ) on the twistor space Z is ormal if and only if the 
tensor T° on M vanishes. 

Proof. Recall that the normality condition for the structure ($, x, V Z ) is equivalent to the condition 
(£ X G)(A, B) = for A, B £ Kerrj z = D. Thus, if this structure is normal, then, by Lemma 4.3, 
l£ = 0, s = 1, 2, 3. Hence, T° = because of (2.5). 

Conversely, suppose that T°=0. In view of Lemma 4.3, to show that the structure (^,x,il Z ) i s 
normal, we should prove that the following identities hold on M. 



(4.2) T° = 0; 

(4-3) P.(X,t 1 ) p +g p ([Z B ,t 1 ] t X) = 0, s = 2,3, X e H; 

(4.4) 2p s (6,a) P = ^(a)p, s = 2,3; 

(4-5) 02(6,6)*+/* (6, 6)p = 0. 



We shall prove that this system of equations follows from the single equation T° = 0. The equation 
(4.2) follows from (2.5). 



3(2n+ l) Pi (I k X,Q = ~ V , J X(Scal) 
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To prove (4.3), note first that, according to [1 I , formula (4.3)], wc have 

Pi{X,tk) = \dr] k {[i j ,ik]H,X)=g{I k \^^ k ] H ,X), 

where the subscript H means "the component in i7". It follows that condition (4.3) is equivalent to 
the identities 

(4-6) M6,6]if = [6,6]tf, 'l[6,6]ff = [6,6]lJ 

It has been shown in [15, formula (3.7)] that 

(2n+l)(2n-l) 

16n(n + 2) 
(4.7) 

in in 

+ 1 E( V ^ T °)[( 4n + l )^ X ) + Hhea, hX)] + 2(n + 1) ^(V e „ U)(X, e a ). 

a—1 a—1 

Thus we get 

3(2n + 1)5(7^,6],*) = - {2n ^^~ ) 1 ] X(Scal) + 2(n + 1) f^(V Ba U)(X, e a ). 

The right hand-side of this identity does not depend on the indices i,j,k, therefore 7i[6,6].ff = 
/ 2 [6,6]ff = ^[6,6]ff for every (6,6,6)- Then Ii[6,6]h = -Va[6,6]n = -7 3 2 [6,6W = 
[6, 6] H ■ Moreover, writing the identity h [6,6]//= 7 3 [6 , 6] h for (6 , 6, 6), we have 7 3 [6 , 6] h = 
7>[6,6]i/, hence 7i[6,6]s = 4^[6,6]h = [6,6k = [6,6]ir- This proves (4.6). 

Recall that, by definition, /9 S (6>6) = Wi J2t=i ffC^fe, 6) e a, h^a)- According to [15, formula 
(3.6)], we have 

g{R{ii^ j )e a ,I s e a ) = {V ii U){I j ) - CV^U)(Iie a ,I s e a ) 

-\(V u T°)(I 3 e ai I s e a ) - I(V €i T )(e a> /jJ i e a ) + ±(V ej T )(7;e o , I s e a ) 

(4.8) 

+ l(Ve 3 .T°)(e a ,7 i 7 s e a )] - (V ea p fc )(IiI.e ,&) - 5&s( T (&> e a ), 7 s e a ) 
- Eb=i .9(^(6, e a ), e b )g(T(£i, e b ), I s e a ) + Y.tU ff( T (6", e &), I se-a)g(T(&, e a ),e b ). 
In view of (2.6) and T° = 0, we obtain from (4.8) that 

g(R(ti,£j)e a ,I s e a ) = (V Ci t/)(7j-e a , 7 s e Q ) - (V^C/)(7 ieo ,7 s e a ) 

S Oil 

( 4 - 9 ) -(V eo/ 9 fc )(7 i 7 s e a ,6) - o 7— -v ^(4e a ,7 a e a ) 

8n(n + 2) 

_ Sb=i U(Ije a ,e b )U(Iie b ,I s e a ) + YltLi U(Ije b ,I s e a )U(Iie a ,e b ). 
Using the second identity in (2.4), we calculate 

in in 

Y, U(I j e a ,e b )U(I i e b ,I k e a )= £ [/(7 jea , e 6 )C/(e & , 7^) = \\U\\ 2 , 

a, b—1 a.b— 1 

(4.10 

v ' 4n in 

^ U(Ije a ,e b )U(Iie b ,Ije a ) = /2 U(e a , e b )U{I l e b , e a ) = 0. 

a.b— 1 a.b— 1 
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Now, identities (4.9), (4.10) and the fact that U is completely trace-free imply that 



4?i 



(4.11) 4n/>i(6,&) = J2 9( R (^ Zi>a,Iie a ) = ^(V eaPfe )(e Q , CO 

a— 1 a— 1 

4n An 

(4.12) 4n Pj (d,Cj) = Y,9( R &^j)ea,Ije a ) = - ^(V ea p fc )(J fe e , &) 

a— 1 a— 1 

4n 4n 

(4.13) 4»/>fc(&,&) = ^)ea,4e a ) - ^(V ea p fe )(/, ea , &) - 2||C/|| 2 . 

a— 1 a— 1 

Next, according to (4.7), we have 

4?i 

(4.14) 3(2n + l)p k (X, &) = (2n + l)(2n - l)dr(/,X) + 2(n + 1) ^(V Ea [/)(/, X, e a ), X G IT. 

a=l 

Let X £ Hp. Extend X to a local vector field such that WX\ p — 0. Then we get from (4.14) that 

in 

3(2n + l)CV X pk)(X, £) = (2n + l)(2n - l)X(dr(IjX)) + 2(n + 1) ^ X((V eo C/)(/ j X, e )). 

a=l 

This identity and identities (4.11), (4.12), (4.13) imply that at the point p we have: 

(4.15) 12(2n+l)/>i(&,&) = 

4n 4n 

^[(2n + l)(2n-l)e a (dr(7 J -e a )) + 2(n + l) £ e a ((V e6 £/)(!,• e a , e 6 ))], 



a— 1 a,b— 1 



(4.16) 12(2n 



4)1 



2[(2n+l)(2n-l)e (dT(/ < e ))+2(n + l) e a ((V eb U)(I t e a , e b ))} 



a=l a, 6=1 

(4.17) 3(2n + l)4np fc (&,&) = 

4n 4n 

- £[(2n + l)(2n - l)e„(dr(e a )) + 2(n + 1) £ e ((V e6 t/)(e a , e 6 ))] - 6(2n + 1)||C/|| 2 . 

a=l a, 6=1 

The right hand-side of the last identity does not depend on the indices i,j, k, therefore P 3(£,i, 6)p = 
P2(€3,Zi) P , which proves (4.5). 

Identities (4.15) and (4.16) imply that P3 (6s , £i )p = -f>2(.€i,&)p: and so /9 3 (6,£i) P = P2(6,£i) P - 
On the other hand, we have P 3{^3,£,i) + P 2(&,£i) = 6( r ) by [11, formula (4.6)]. Therefore 
2/02(6, Ci) P = 2 /°3(6,6)p = dr{^i) pi i.e. condition (4.4) also holds. □ 

Theorem 4.4, (2.7) and (2.4) imply the following 

Theorem 4.5. The contact structure ($>,x,V Z ) on ^ e twistor space Z is normal if and only if the 
QC Ricci tensor commutes with the quaternionic structure on the contact distribution, 

Ric(IX, IY) = Ric(X, Y), X,Y e H,I eQ. 
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